We study the merging and splitting of quasi two-dimensional Bose-Einstein condensates with strong dipolar interactions. We observe that if the dipoles have a non-zero component in the plane of the condensate, the dynamics of merging or splitting along two orthogonal directions, parallel and perpendicular to the projection of dipoles on the plane of the condensate are different. The anisotropic merging and splitting of the condensate is a manifestation of the anisotropy of the rotonlike mode in the dipolar system. The difference in dynamics disappears if the dipoles are oriented at right angles to the plane of the condensate as in this case the Bogoliubov dispersion, despite having roton-like features, is isotropic.
I. INTRODUCTION
The first experimental generation of a Bose-Einstein condensate (BEC) in a gas of chromium ( 52 Cr) atoms [1] [2] [3] , which have permanent magnetic dipole moments, has lead to a flurry of experimental and theoretical investigations on dipolar quantum gases. These have been reviewed in Refs. [4, 5] . Besides 52 Cr, dipolar BoseEinstein condensates (DBEC) of dysprosium ( 164 Dy) [6] and erbium ( 168 Eb) [7] have also been experimentally realized. The two important characteristics of the dipolar interaction are its long range and anisotropic nature. In contrast to contact interactions, all partial waves contribute to the scattering amplitude in the case of dipolar interactions. This makes the inter-particle interactions momentum dependent [4] . As a consequence, the dipolar DBECs can support roton like excitations [8] [9] [10] . The presence of a roton like mode in spectrum of the DBEC lowers the Landau critical speed [11] below the speed of sound for sufficiently large particle number [10] . Roton excitations can lead to density fluctuations at defects like vortices [9, 12] and a roton instability [8, 13, 14] . It has been demonstrated theoretically that the static and dynamic structure factors which can be measured using Bragg spectroscopy [15] , atom-number fluctuations in a trapped DBEC [16] , and the response of the condensate to weak lattice potentials [17] [18] [19] can reveal the presence of the, still experimentally elusive, roton excitations. Roton excitations also enhance the density fluctuations in two-dimensional DBECs [20] . The density dependence of the roton minimum also results in the spatial confinement of the rotons in trapped DBECs [21] . In addition to these, dipolar interactions lead to anisotropic superfluidity, which, strictly speaking, is just the anisotropic manifestation of a roton like mode in the dipolar system [22] [23] [24] . In the present work, we study the dynamics of the merging and splitting of the DBEC of 52 Cr using a non-local Gross-Pitaevskii equation. We find that the anisotropic superfluidity of these systems manifests itself as the directional dependence of the merging and splitting dynamics.
The non-adiabatic merging and splitting of BECs with pure contact interactions is known to lead to the formation of dispersive shock waves [25] . In the context of shock waves, the decay of small density defects into quantum shock waves was earlier observed in BECs [26] . The non-adiabatic collision of two strongly interacting Fermi gases leading to the formation of shock waves has also been studied [27] [28] [29] . The propagation and nonlinear response of dispersive shock waves, including the interaction of colliding shock waves, in one and two-dimensional non-linear Kerr like media has also been investigated [30] . The interatomic interactions in these various studies were isotropic. This is no longer the case for DBECs, which are the focus of our study in the present work.
The paper is organized as follows-We start by providing the mean-field description of DBECs in Sec. II. Here we discuss the quasi two-dimensional non-local GrossPitaevskii equation (GPE) which we employ to study the DBEC with an arbitrary direction of polarization. In Sec. III, we numerically investigate the splitting and merging dynamics of DBEC. We finally conclude by providing a summary of results in Sec. IV.
II. MEAN FIELD DESCRIPTION OF DIPOLAR BOSE-EINSTEIN CONDENSATE
In the mean field regime, a scalar DBEC at T = 0 K can be well described by the non-local GPE [4, 5] 
where Φ(x, t) is the wave function of the condensate. The non-local term, the last term in the parenthesis, accounts for the long range dipole-dipole interaction. In case the dipolar gas is polarized, i.e., all the dipoles are oriented along the same direction, the dipole-dipole interaction arXiv:1401.0268v1 [cond-mat.quant-gas] 1 Jan 2014 energy is
where θ is the angle between the direction of polarization and relative position vector of the dipoles. The coupling constant C dd = 12π 2 a dd /m, where a dd is the length characterizing the strength of the dipolar interactions and m is the mass of the atom. For the dipolar gas consisting of atoms with permanent magnetic dipole moment χ like 52 Cr, a dd = µ 0 χ 2 m/(12π 2 ), where µ 0 is the permeability of the free space. The harmonic trapping potential V (x) = (ω
, where ω j 's with j = x, y, z are trapping frequencies along the three coordinate axes. The contact interaction between atoms is characterized by the interaction strength g = 4π 2 a/m, where a is the s-wave scattering length. The total number of atoms N and energy E are conserved by Eq. (2) . For the sake of solving Eq. (2) numerically, we transform the GP equation into dimensionless form using following transformations:
where a osc = /(mω) with ω = min {ω x , ω y , ω z } is the oscillator length. The dimensionless GP equation for the DBEC is now of the form
2 )/2, λ α = ω α /ω with α = x, y, z andg = 4π aN/(3mωa 3 osc ). In order to simplify the notation, from here on we will write these variables without tildes unless mentioned otherwise. In the present work, we consider the DBEC in quasi two-dimensional traps for which λ x = λ y = 1 λ z . In this case, the axial degrees of freedom of the system are frozen. We
as the harmonic oscillator ground state along the axial direction. After integrating out the axial coordinate, we obtain the following two-dimensional equation [22, 23, 31, 32] :
where
Here we have considered an arbitrary direction of polarization in the xz plane, which makes an angle α with the z axis, and h
The scaled wavefunction is normalized to unity, i.e., |φ| 2 dρ = 1. We use the time splitting Fourier spectral method to solve equation Eq. (5) [33] . The spatial and time step sizes employed in the present work are 0.1 a osc and 0.0005 ω −1 respectively.
III. MERGING AND SPLITTING DYNAMICS OF THE DBEC A. Merging of two DBEC fragments
We consider 5 × 10 5 atoms of 52 Cr in a trapping potential with ω x = ω y = ω = 10 Hz and ω z = 100 Hz. Hence, the units of length and time employed are a osc = 4.4 µm and ω −1 = 1.59 × 10 2 s respectively. The dipolar length of 52 Cr is 16 a 0 and the background s-wave scattering length is 100 a 0 [2] . The s-wave scattering length of 52 Cr can be tuned by magnetic Feshbach resonances [2, 34] . In the present work, we consider a = 8 a 0 , which is significantly smaller than its background value, in order to accentuate the effects of dipolar interactions. In addition to a harmonic trapping potential, we also consider a Gaussian obstacle potential in order to generate the two fragments of the DBEC. Now, to study the effect of anisotropic superfluidity, introduced by a non-zero component of the dipoles in the xy plane, on the merging dynamics, we consider the following two obstacle potentials
here V 0 = 100 ω is the amplitude of the Gaussian potential and w 0 = 2.5 µm is its width. Applying V x obs creates a repulsive barrier potential along x-axis, whereas applying V y obs creates a repulsive barrier potential along the y-axis. We now consider two cases in order to contrast the anisotropic merging dynamics with the isotropic one.
Anisotropic merging: Here we take the angle α to be π/8. We first obtain the static solution by solving Eq. (5) using imaginary time propagation for both obstacle potentials V x obs and V y obs . The solutions thus obtained for the aforementioned two barrier potentials are shown in Fig. 1(a) and Fig. 1(g) . We find that energy cost of splitting the condensate along the y-axis is greater than splitting it along the x-axis; the energy difference ∆E = 0.16 ω for the system studied in Figs. 1(a) and (g) . In case the dipoles are not oriented along the z-axis, the dispersion relation has a directional dependence and for a homogeneous two dimensional system is given by [22, 23] 
The Bogoliubov dispersion obtained using this expression for n = 0.02 (peak density corresponding to images in Figs. 1) , N = 5.0 × 10 5 , λ z = 10, and α = π/8 is shown in Fig. 2 .
FIG. 2:
The solid red and black lines are the Bogoliubov dispersion for the excitations propagating along the x-and y-axis respectively for α = π/8. The dashed red line is the tangent to these dispersion curves; its slope is equal to the speed of sound. The slope of the dashed black curve is equal to the Landau critical velocity along the y-axis. The dotted blue is the isotropic Bogoliubov dispersion for α = 0. For all the curves n = 0.02, N = 5 × 10 5 , and λz = 10.
Also, the speed of the sound
and hence is isotropic. Now, applying V x obs leads to large density variations along the y-axis producing excitations that lie on the black curve in Fig. 2 including the rotonlike mode. On the other hand, applying V y obs leads to large density variations along the x-axis which can excite only modes with energy greater than the roton-like mode as is evident from the red curve in Fig. 2 . Thus, the anisotropic response of the condensate to the perturbing potential is another manifestation of the anisotropic dispersion and roton-like mode in the excitation spectrum, which makes the quasi-particle excitations along the yaxis cost less energy. Now, in order to allow the two fragments of the DBEC to merge non-adiabatically, we suddenly switch off the obstacle potentials. This leads to the generation of a soliton train, which consists of four clearly discernible dark (grey) solitons. This is evident from Figs. 1(b) , (c), (h), and (i). We find that the separation between the adjacent solitons is not the same in the two sub-cases considered. This is due to the fact the solitons travel faster along the direction of polarization, i.e. the x-axis as compared to the y-axis. In order to clearly demonstrate this, we have measured the x (y) coordinates of the mid-points of the solitons. The variations of these coordinates are shown by the red and green curves in Fig. 3 . It is evident from this figure that solitons propagating along the x-axis travel faster than the ones propagating along the y-axis.
FIG. 3:
The red (green) curve is the x (y) coordinate of the mid-point of the soliton corresponding to first (second) row in Fig. 1 . The blue curve is the x (y) coordinate of the midpoint of the soliton corresponding to first and second row in Fig. 6 . Sub-figure (a) corresponds to the two solitons near to the origin, whereas the sub-figure (b) corresponds to the two solitons near the edge of the condensate.
On further evolution, the solitons near the origin start decaying via a long wavelength transverse instability known as the snake instability [35, 36] . We observe that the solitons oriented along the direction of polarization are less susceptible to the snake instability as compared to the ones oriented perpendicular to it. This is due to the fact that the sinusoidal perturbation on the soliton oriented along the polarization direction costs more energy due to the anisotropy introduced by non zero value of α. To confirm this inference, we have also numerically studied the dynamics of the DBEC which has a single dark soliton either along the x-axis or the y-axis. To do so, we first generate the soliton by imprinting a phase jump of π across the x or y-axis. The static solution thus obtained is shown in the first column of Fig. 4 .
Again, as in the case of the obstacle potential, imprinting a soliton along the x axis costs less energy due to the excitation of the roton like mode. We then evolve this solution in real time and find that by the time the soliton oriented along the y axis acquires a sinusoidal shape due to snake instability, there is no change in the structure of the soliton oriented along the x axis (see the middle column of Fig. 4) . Even when the soliton oriented along the y axis has split into vortex-antivortex pairs due to the snake instability, there is no signature of this instability in the other soliton as is shown in the last column of Fig. 4 . The dipole-dipole interactions are also known to stabilize the three-dimensional dark solitons against the snake instability in the presence of an optical lattice in the nodal plane [37] . We have also studied the merging dynamics of a much larger condensate with N = 2 × 10 2 with the rest of the parameters remaining unchanged. We find that for the larger condensate, the difference in the merging dynamics along the two orthogonal directions becomes more pronounced as is shown in Fig. 5 . This is due to the fact that by increasing N while keeping the trapping potential parameters unchanged, density (N |φ| 2 = N n) increases. This results in increasing the difference in the slopes of the two dashed curves in Fig. 2 . In other words, the energy of the roton like mode is lowered, while the energy cost of exciting modes along x axis increases. It implies that the anisotropy in the superfluidity of the system increases with the increase in the number of atoms. This leads to the significantly different merging dynamics along the x and y axes.
Isotropic merging: Here we consider α = 0, i.e. the dipoles are oriented along the z axis and N = 5×10
5 . The trapping and obstacle potentials are the same as those considered in anisotropic merging dynamics. Again, we first obtain the static solution by solving Eq. (5) using imaginary time propagation for both obstacle potentials V x obs and V y obs . The solutions thus obtained for the aforementioned two barrier potentials are shown in Fig. 6(a) and Fig. 6(g ).
FIG. 6:
The first and the third rows show the merging dynamics of two fragments of dipolar condensates along the x axis, while the second and fourth rows show the merging dynamics along the y axis. α = 0 and hence there is no effect of the direction of merging on the dynamics. The time in units of ω −1 is shown at the bottom left corner of each image. The dimensions of each image are 16 aosc × 16 aosc.
We then suddenly switch off the obstacle potentials. This leads to the generation of a soliton train as in the previous case, which again consists of four clearly discernible dark (grey) solitons. This is evident from the Figs. 6(b), (c), (h), and (i). The important difference is that the evolution in the two sub-cases is identical. This is due to fact that the Bogoliubov quasi-particle dispersion obtained from Eq. 8 is isotropic for α = 0 as is shown by the dotted blue line in in Fig. 2 for n = 0.02 and N = 5×10
5 . It is evident that the dispersion relation still has rotonlike features, but no directional dependence. In other words, the roton like mode in this case is isotropic and hence the dynamics of merging independent of direction.
B. Anisotropic splitting of the DBEC
In order to study the anisotropic splitting of the DBEC, we consider 1 × 10 5 atoms of 52 Cr. In order to avoid the reflection of the DBEC from the edges of the grid, we reduce the number of atoms and consider a sufficiently large grid. The grid spacing, trapping potential and the scattering length values are same as those considered in the previous subsection. Here we first generate the static solution without any obstacle potential and consider α = π/8. The static solution thus obtained is shown in Figs. 7(a) and (g) . We then suddenly introduce the obstacle potential either along the x or y axis. The strength and the width of the obstacle potentials are 50 ω and 1 µm respectively. The sudden turn-on of the obstacle potential produces sharp density gradients with several density peaks as is shown in Figs. 7(b) and (h), a possible signature of shock waves [38] . After some time, the broadest of these density peaks slowly grows at the expense of the others. During this period, the formation of the dispersive shock wave also leads to the spilling of some of the condensate atoms beyond the edge of the condensate (see Figs. 7(c) and (i) ). We observe that during the initial stages of the evolution, the dynamics of splitting along the two orthogonal directions is almost identical as is evidenced by the comparison of Figs.7(b) and (c) with Figs. 7(h) and (i), respectively. The effect of anisotropy starts manifesting itself during the latter stages of evolution as is evidenced by a difference in the density distributions shown in Figs. 7(d) , (e), and (f) vis-á-vis Figs. 7(j), (k), and (f). Hence, the dynamics of the splitting depends upon the direction along which the barrier is introduced. We also find that increasing the number of atoms to 5 × 10 5 does not lead to any qualitative differences in the splitting dynamics. Also, the anisotropy in dynamics disappears for α = 0 as was the case for the merging dynamics.
IV. SUMMARY OF RESULTS
We have numerically studied the dynamics of nonadiabatic merging and splitting of the dipolar BoseEinstein condensate. The non-adiabatic merging and splitting is achieved by suddenly removing or applying an obstacle potential on the condensate. For the sake of observing the signature of anisotropic superfluidity, we implement the merging and splitting of the condensate along two orthogonal directions, one of which is parallel to the dipoles' projection on the plane of the condensate. We observe that if the direction of polarization is not normal to the plane of the condensate, the roton-like features of the dispersion are manifested by the directional dependence of merging and splitting dynamics. The absence of the anisotropy in the merging and splitting dynamics rules out the existence of the anisotropic roton-like mode, although the isotropic roton like mode can still exist. From the experimental perspective, the tunability of of the Bogoliubov dispersion by changing the density can be used to either increase or decrease the effects of anisotropic superfluidity on the dynamics of the DBEC.
